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Dispersion relation and growth in a free-electron laser with ion-channel guiding

Pallavi Jha* and Punit Kumar
Department of Physics, University of Lucknow, Lucknow 226007, India

~Received 18 August 1997!

A theory of a helical wiggler free-electron laser with ion-channel guiding is presented. Electron motion has
been analyzed using single particle dynamics and regimes of orbit stability have been discussed. With the help
of these trajectories, source currents have been obtained and the linear dispersion equation showing coupling of
electromagnetic and space-charge waves by the wiggler field has been set up for a monoenergetic electron
beam. Growth rates have been obtained for different ion-channel frequencies. The variation of resonant fre-
quencies and peak growth rates with ion-channel frequency has been illustrated. Substantial enhancement in
peak growth rate is obtained as the ion-channel frequency approaches the wiggler frequency.
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I. INTRODUCTION

In a free-electron laser, focusing is applied to collima
the intense electron beam in the transverse direction. Fo
ing also enhances the growth rate by exploiting the re
nance between the frequency of the focusing device and
frequency of the wiggler field. The technique of ion-chann
guiding of an electron beam in a free-electron laser~FEL!
has become an area of great interest, as it eliminates the
for conventional quadrupole or solenoid focusing magn
thereby reducing the capital and running cost@1#. The pres-
ence of the ion channel allows beam currents higher than
vacuum limit and also helps radiation guiding@2#. Caporaso
et al. @3# have shown the successful transportation of a 10
electron beam through the advanced test accelerator~ATA !
by replacing the solenoidal guide field by an ion chann
This is effective in suppressing the transverse beam brea
~BBU! instability, which is the most serious obstacle to hi
current beam transport. Motivated by the need for sta
transport of a multiampere beam over large distances in
FEL two beam accelerator~TBA!, ion focusing has been
applied in anX-band FEL experiment@4#. Chenet al. @5#
have proposed to take advantage of continuous focusin
the ion-focused regime for application in a TeV line
electron-positron collider. Simulation studies have sho
that effective gain enhancements can be obtained by in
ducing ion-channel guiding in FEL@6#.

In ion-channel focusing, a relativistic electron beam
injected into a pre-ionized plasma channel of uniform d
sity in the ion-focused regime~IFR! @7#. The interaction re-
sults in the formation of a positive ion core by expelling t
plasma electrons along the beam. This positive ion core
tracts and confines the beam electrons. The plasma cha
width is of the order of the equilibrium beam radius, whi
helps in damping the routine instabilities that arise in tra
port @8#. Also the effects of emittance growth due to scatt
ing have been found to be negligible over a wide range
parameters relevant to present day beam propagation ex
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ments@9#. In a recent study of a helical wiggler FEL wit
ion-channel guiding, it has been shown that in the low-ga
per-pass limit, substantial gain enhancements are obta
under appropriate conditions@10#. This motivates the study
of dispersion characteristics and consequent growth r
~not reported in literature! for such a configuration, in the
high gain regime.

The purpose of the present work is to examine the F
mechanism in the presence of the ion channel and to ob
the dispersion relation and growth rate for helical wigg
FEL. Section II deals with electron trajectories in a helic
wiggler FEL with ion-channel focusing, using single partic
dynamics. Regimes of stability of the electron orbit ha
been discussed. In Sec. III the dispersion relation show
the coupling of electromagnetic and space-charge wave
the wiggler field is derived and analyzed with the help
illustrations. Section IV is devoted to a summary and disc
sion of results.

II. ELECTRON MOTION

Consider a relativistic electron~charge2e, rest massm,

relativistic factorg0 , energyg0mc2! moving with velocityvW

(5bW c) along thez axis of a helically polarized wiggler mag
netic field of amplitude Bw and wave numberkw
(52p/lw) described by

BW w5Bw~coskwz,sin kwz,0! ~1!

in the presence of a pre-ionized plasma channel~of uniform
density! having its axis coincident with the wiggler axis. Th
transverse electrostatic field generated by the ion channe
be written as@7#

EW i5Ai~x,y,0!, ~2!

whereAi52peni andni is the density of positive ions hav
ing chargee. With the appropriate choice of ion channel an
electron beam parameters, IFR propagation may be achie
leading to the suppression of routine instabilities that arise
beam transport. Thus in the presence of the wiggler and
g
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57 2257DISPERSION RELATION AND GROWTH IN A FREE- . . .
fields alone, the energy of the electron~or g0! may be con-
sidered to be a constant of motion.

The equations of motion of the electron can be written

d~g0mvx0!

dt
52eAix01

evz0Bw

c
sin kwz0 , ~3!

d~g0mvy0!

dt
52eAiy02

evz0Bw

c
coskwz0 , ~4!

d~g0mvz0!

dt
52

e

c
~vx0Bw sin kwz02vy0Bw coskwz0!.

~5!

Steady-state transverse electron displacements for con
axial velocity ~vz05cbz0 ; z05bz0ct! are obtained by solv-
ing Eqs.~3! and ~4!;

x05
Kic

g0bz0vw
sin kwz0 , ~6!

y052
Kic

g0bz0vw
coskwz0 , ~7!

where Ki5eBwbz0
2 vw /mc(v i

22vw
2 bz0

2 ) and v i
2

52pe2ni /g0m. Hence the electron trajectory is a perfe
helix ~with its axis coincident with the FEL axis! character-
ized by transverse velocities,

bx05
Ki

g0
coskwz0 , ~8!

by05
Ki

g0
sin kwz0 . ~9!

These velocities are related to the axial velocitybz0 through

g0
22512bx0

2 2by0
2 2bz0

2 . ~10!

Equation~10! is cubic inbz0
2 and describes three classes

trajectories propagating along the positivez axis of the FEL.
The stability of these trajectories has been discussed in d
in Ref. @10#. A plot for bz0 againstx (5v i /vw) is shown in
Fig. 1 for K(5eBw /mcvw)50.2 andg056.0. It may be
seen that three real values of axial velocity exist in regim
(v i /vw,1), whereas in regime II (v i /vw.1) only one
value ofbz0 is possible. BranchesA andC are stable, while
branch B is unstable. The critical value ofv i /vw up to
which branchA ~in regime I! is stable is found to be 0.88
for the parameters used in Fig. 1. It may be noted tha
circular wiggler FEL having an axial magnetic guide fie
also generates a similar set of stable and unstable elec
orbits @11–13#.

III. DISPERSION RELATION

The dispersion equation for a cold monoenergetic elec
beam is obtained by solving the Lorentz force equation

dVW

dt
52

e

gm
FEW 1

VW

c
3BW 2

VW

c2 ~VW •EW !G ~11!
s

ant

t

f

ail

I

a

on

n

along with the equation of continuity

¹W •~NVW !1
]N

]t
50 ~12!

and the wave equation

¹W 3~¹W 3EW !1
1

c2

]2EW

]t2 1
4p

c2

]JW

]t
50W , ~13!

whereVW (5vW 01vW ) is the sum of steady state and perturb
components of particle velocity;N (5n01n) is the sum of
the steady state and oscillatory components of the par

density;JW „52e(n01n)(vW 01vW )… is the total current density

andg „5@12(uvW 01vW u/c)2#21/2
… is the relativistic factor.EW

(5EW r1EW i1EW l) and BW (5BW w1BW r) are total electric and
magnetic fields, respectively. The subscriptsr , v, i , and l
refer to radiation, wiggler, ion channel, and space-cha
fields, respectively.

The dispersion equation is obtained by linearizing E
~11!–~13! and with the help of Floquet’s theorem, allowin
the axial and time dependence of all perturbed paramete
take the general form@14#

F5 (
n52`

n5`

f n exp@ i ~knz2vt !#, ~14!

where v and k are radiation frequency and wave numbe
respectively;kn5k1nkw , n50,61,62,63,... . We assume
all transverse oscillations to be small such that]/]x,]/]y
!]/]z.

Now linearizing Eq.~11! gives

FIG. 1. Real positive values ofbz0 versusx for g056 andK
50.2.
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S ]

]t
1vz0

]

]zD vx52
e

g0m FErx1Aix2
1

c
vz0Bry2

1

c
vzBwy2

1

c2 vx0vz0El G1
eg0

mc2 FAix0vz0vz2
1

c
vz0

2 BwyvzG , ~15!

S ]

]t
1vz0

]

]zD vy52
e

g0m FEry1Aiy1
1

c
vz0Brx1

1

c
vzBwx2

1

c2 vy0vz0El G1
eg0

mc2 Fvz0vzAiy01
1

c
vz0

2 vzBwxG , ~16!

S ]

]t
1vz0

]

]zD vz52
e

g0m FEl1
1

c
vx0Bry1

1

c
vxBwy2

1

c
vy0Brx2

1

c
vyBwx2

1

c2 ~vz0vx0Erx1vz0vx0Aix1vz0vxAix0

1vz0vy0Ery1vz0vy0Aiy1vz0vyAiy01vz0
2 El !G , ~17!

where

g.g0S 11g0
2 vW 0•vW

c2 D .

Substituting Eq.~14! in Eqs.~15!, ~16!, and~17! and using orthogonality relation

E
0

lw
exp~ iknz!exp~2 ikmz!dz5 H0,

lw ,
nÞm
n5m ~18!

gives the expression for perturbed velocities as follows:

vxn52
ie

g0mVn
FExn1Aixn2bz0Byn2

Kibz0

2g0
~Eln211Eln11!G1

eg0

2mcVn
FBwS 1

g0
22bz0

2 D 1
KiAic

g0vw
G~vzn212vzn11!,

~19!

vyn52
ie

g0mVn
FEyn1Aiyn1bz0Bxn2

Kibz0

2ig0
~Eln212Eln11!G2

ieg0

2mcVn
FBwS 1

g0
22bz0

2 D 1
KiAic

g0vw
G~vzn211vzn11!,

~20!

vzn52
ie

g0mVn
F Ki

2g0
~Byn211Byn11!1S Bw

2ic
2

KiAi

2ig0vw
D ~vxn212vxn11!2

Ki

2ig0
~Bxn212Bxn11!

2S Bw

2c
2

KiAi

2g0vw
D ~vyn211vyn11!2

Kibz0

2g0
~Exn211Exn11!2

Kibz0Ai

2g0
~xn211xn11!2

Kibz0

2ig0
~Eyn212Eyn11!

2
KiAibz0

2ig0
~yn212yn11!1

Eln

gz0
2 G , ~21!
-

g-
whereVn5v2knvz0 andgz0
225(12bz0

2 ). Using Maxwell’s

equation¹W 3EW 1(1/c)(]BW /]t)50 and applying orthogonal
ity condition @Eq. ~18!# give Bxn52(ckn /v)Eyn and Byn

5(ckn /v)Exn . Retaining terms up to second order in wi
gler magnetic field, Eqs.~19!, ~20!, and~21! reduce to

vxn52
ie

g0mVnV in
F12

bz0knc

v GExn , ~22!

vyn52
ie

g0mVnV in
F12

bz0knc

v GEyn , ~23!
vzn52
ie

g0mVn
F ~A2B!Exn211~C1D !Exn11

1
1

i
@~A2B!Eyn212~C1D !Eyn11#1

Eln

gz0
2 G ,

~24!

where

V in5S 12
v i

2

Vn
2D ,
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A5
Kic

2g0
S kn21

v
2

bz0

c D ,

B5
e

2mcg0Vn21V in21
FBw1

KiAibz0c

g0
S 1

Vn21
2

1

vwbz0
D G

3S 12
cbz0kn21

v D ,

C5
Kic

2g0
S kn11

v
2

bz0

c D ,

D5
e

2mcg0Vn11V in11
FBw2

KiAibz0c

g0

3S 1

Vn11
1

1

vwbz0
D G S 12

cbz0kn11

v D .
tr
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o

f
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The linearized current density,JW52e(nvW 01n0vW ) is ob-
tained from Eqs.~12! and ~14! as follows:

Jxn52en0vxn2
en0Kic

2g0
S vzn21kn21

Vn21
1

vzn11kn11

Vn11
D ,

~25!

Jyn52en0vyn1
ien0Kic

2g0
S vzn21kn21

Vn21
2

vzn11kn11

Vn11
D ,

~26!

Jzn52
en0vvzn

Vn
. ~27!

The dispersion equation is now obtained by substitut
source currents@Eqs.~25!, ~26!, and~27!# and perturbed ve-
locities @Eqs. ~22!, ~23!, and ~24!# into the wave equation
@Eq. ~13!#. Thus,
ag-
~v22c2kn
2!2

vb
2v

g0VnV in
S 12

bz0knc

v D5
vb

2vKickn11

2g0
2Rn11Vn11

2 H Kic

g0
S kn

v
2

bz0

c D
2

e

g0mcVnV in
FBw1

KiAibz0c

g0
S 1

Vn
2

1

vwbz0
D G S 12

cbz0kn

v D J , ~28!

wherevb5(4pn0e2/g0m)1/2 andRn5(12vb
2/Vn

2gz0
2 ). Equation~28! describes the dispersion properties of pure electrom

netic modes in combined wiggler and ion-channel fields. For the lowest mode,n50 and upshifted frequenciesv.(k
1kw)vz0 this equation reduces to the sought-after dispersion equation

F ~v22c2k2!2
vb

2~v2kvz0!2

g0@~v2kvz0!22v i
2#

GF @v2~k1kw!vz0#22
vb

2

g0gz0
2 G

5
vb

2v

2g0
2 ~k1kw!KicFKic

g0
S k

v
2

bz0

c D2FKvw1
Kiv i

2

vw
S vwbz0

~v2kvz0!
21D G ~v2kvz0!2

vg0@~v2kvz0!22v i
2#

G . ~29!
in
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This equation describes the coupling between the elec
static beam mode with the electromagnetic modes. In
absence of the ion channel (v i50), Eq. ~29! reduces to the
well known FEL dispersion relation@15#. The sixth-order
equation ink @Eq. ~29!# has been solved on a computer. F
a wiggler field of wavelengthlw53 cm, growth rates (Imk)
are plotted versus frequency for appropriate values ox
(5v i /vw) for regimes I and II in Figs. 2 and 3, respectivel
For these values ofx the electron trajectories are stable as
evident from Fig. 1. Different values of electron beam fr
quency ~vb51.831011 sec21 and 4.431011 sec21, respec-
tively! for regimes I and II have been chosen so as to sat
the Budker condition (n0.ni@n0 /g0

2) @16# for propagation
of an electron beam in IFR. It may be seen that for ea
value ofx, the growth rate initially increases, attains a ma
mum value, and then decreases to zero. Peak growth ra
found to occur forv.(12bz0)21kwvz0 , which corresponds
to the well-known free-electron laser condition. In Fig. 2 it
seen that asx increases, the resonant frequency decrea
whereas in contrast Fig. 3 shows that in regime II, increas
x leads to a slight increase in the value of resonant
quency.
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e

r

-
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h
-
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-

An illustration of frequency versusx is shown in Fig. 4.
The resonant frequencyv (.c Rek) is obtained from real
part of the solution of Eq.~29! at peak growth. The variation
in frequency is found to be in agreement with that seen
Figs. 2 and 3. A plot of peak growth rate withx for regimes
I and II ~for the same parameters as in Figs. 2 and 3! is
shown in Fig. 5. In regime I, with an increase inx, the peak
growth rate increases monotonically up to the singularity
the orbital stability boundary~x50.884 for this choice of
parameters!. In regime II, the peak growth rate decreas
slowly asv i becomes large. This behavior is in qualitativ
agreement with that found previously in the context of lo
gain theory@10#. The variations in frequency and growth ra
are also qualitatively similar to those obtained with an ax
magnetic guiding field in a circular wiggler FEL@17–20#.
Thus it may be concluded that growth rate enhances as
frequency of the focusing device approaches the freque
of the wiggler.

IV. SUMMARY AND DISCUSSION

In this paper we have analyzed the effect of ion-chan
guiding on a helical wiggler FEL. Steady-state helical traje
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FIG. 2. Spatial growth rate Imk (cm21) vs v/c (cm21) for re-
gime I orbits, such thatg056, K50.2, lw53 cm, vb51.8
31011 sec21.

FIG. 3. Spatial growth rate Imk (cm21) vs v/c (cm21) for re-
gime II orbits, such thatg056, K50.2, lw53 cm, vb54.4
31011 sec21.
tories of the electron have been obtained using single par
dynamics. Illustration forg056 andK50.2 has been shown
and regimes of orbit stability have been identified. With t
help of these single particle trajectories the fluctuating sou
currents are obtained and a linearized dispersion relation
electron-radiation interaction has been set up. It is found
with x(5v i /vw)50 this relation reduces to that obtaine
for a helical wiggler FEL in the absence of ion-channel gu
ing. The sixth-order dispersion equation ink has been solved

FIG. 4. Graph ofv/c (cm21) as a function ofx for regimes I
and II.

FIG. 5. Peak growth rate (Imk)max (cm21) as a function ofx for
regimes I and II.
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with the help of a computer and the linearized growth ra
(Im k) have been obtained for different values ofx. Plots
showing the variation of growth rate with radiation fr
quency, for various values of normalized ion-channel f
quencies, are given. The shift of resonant frequency w
change inx has also been illustrated and is found to be
agreement with the values of resonant frequencies at w
A
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et
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peak growth rates occur in Figs. 2 and 3. The effect of
channel on peak growth rate is shown in Fig. 5. It may
noted that the presence of ion-channel focusing leads to
stantial enhancements in growth rate as the ion-channel
quency approaches the frequency of the wiggler field. Thi
found to be in qualitative agreement with results obtain
earlier in the low gain regime.
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